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Fracture Analysis of Stiffened Panels Under
Combined Tensile, Bending, and Shear Loads
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The objective is to present the formulation of numerically integrated modified virtual crack closure integral tech-
nique for concentrically and eccentrically stiffened panels for computation of strain-energy release rate and stress
intensity factor based on linear elastic fracture mechanics principles. Fracture analysis of cracked stiffened panels
under combined tensile, bending, and shear loads has been conducted by employing the stiffened plate/shell finite
element model, MQLYS2. This model can be used to analyze plates with arbitrarily located concentric/eccentric
stiffeners, without increasing the total number of degrees of freedom of the plate element. Parametric studies on
fracture analysis of stiffened plates under combined tensile and moment loads have been conducted. Based on the
results of parametric studies, polynomial curve fitting has been carried out to get best-fit equations corresponding
to each of the stiffener positions. These equations can be used for computation of stress intensity factor for cracked
stiffened plates subjected to tensile and moment loads for a given plate size, stiffener configuration, and stiffener

position without conducting finite element analysis.

Nomenclature
A, = cross-section area of plate
Ay = cross-section area of stiffeners
ap, Ay, ..., Au—1) = polynomial coefficients associated with

displacements/rotations

polynomial coefficients associated with
forces/moments

Young’s modulus

forces or moments at the nodes

j, j+ 1, etc.

strain-energy release rate

b07b17~-~7b(n—l)

E
Fy j, Fy j41,etc., or

y.js My'j 41, €tC.

G and Gy G for in-plane modes I and I,
respectively

Gy, Gy, and G; = G for out-of-plane modes 1, 2, and 3
respectively

H, W = height and width of plate

I, = moment of inertia of cross section
of plate

I = moment of inertia of cross section
of stiffeners

[K,] = plate element stiffness matrix

[K] = stiffness matrix for an arbitrarily located
eccentric stiffener

K; and Ky = stress intensity factor for in-plane
modes I and II, respectively

ki, ky, and k3 = stress intensity factor for out-of-plane
modes 1, 2, and 3, respectively

N; (&) = shape functions for three-noded
beam element

N;(&,1n) = shape functions for nine-noded

plate element
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N, and N, = total number of plate and stiffener
elements, respectively

P = concentrated forces or moments

q = uniform loading acting normal to the
element surface or along the
element edges

[Tep] = transformation matrix, which takes care
of the arbitrary position of the stiffeners
in the plate element

[T,] = transformation to account for the
eccentricity of stiffeners

t = plate thickness

t; and d, = thickness and depth of stiffener

U,and U, relative sliding and opening
displacements between the crack faces

U, = relative out-of-plane displacement
between the crack faces

Aa = virtual crack increment

v = Poisson’s ratio

0yy and oy = in-plane stress components

Oy = out-of-plane stress component

2a = crack length

Introduction

ANY industrial structures such as aerospace structures,

ship hulls, and offshore platforms are generally made up
of stiffened-plate/shell panels. The strength of thin-plate struc-
tural components is generally improved by appropriately using the
stiffening members such as stiffeners/stringers or more generally
by judicious use of thicker or paneled sections for crack-growth
retardation/arrest. Such a control of crack growth is one of the
very important parameters! for consideration of damage-tolerant de-
sign and failure assessment of structures and structural components.
When modeling these complex structural components for the pur-
pose of fracture analysis by using the finite element method (FEM),
one might have to deal with arbitrarily located eccentric stiffeners.
The problem is highly indeterminate, and the question arises as to
what is the best way of modeling them for fracture analysis. Also
the postprocessing technique for the estimation of stress intensity
factor (SIF) needs to be selected appropriately. Therefore, studies
on the behavior of cracked-stiffened structures have assumed great
importance.
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Configurations involving cracks in infinite sheets, subjected to
uniaxial tensile stresses, reinforced with continuously attached
(bonded or integral) or discretely attached (riveted) stiffeners were
studied by several authors.>~” It is an important requirement to study
the influence of the various parameters such as stiffener size, spac-
ing, and load transmission characteristics on SIF in these panels.
Isida® made extensive use of series representation of complex func-
tions for problems involving cracks in stiffened sheets. Poe’ made
a complete study on the influence of geometry parameters on SIF
for cracked-stiffened panels. The sheet was modeled as an infinite
plate with a crack. The influence of crack spacing, rivet spacing,
and stringer spacing was studied by various workers for a stiffened
panel with a symmetric crack distribution.

Shkarayev and Moyer® proposed an analytical method for the
determination of SIF for edge cracks in stiffened panels. The an-
alytical solution for a semi-infinite plate containing an edge crack
is employed in the modeling. Utukuri and Cartwright® presented
procedures for application of complex variable method combined
with compatible deformations for fracture analysis of finite multiply
stiffened panels. The effect of attachment forces was represented as
traction boundary conditions on the edges of the panel. The result-
ing nonlinear system of equations was solved using a least-squares
iterative scheme. SIFs were computed for several multiply stiffened
configurations and found to be in good agreement with the existing
solutions. Wu and Cartwright'® reduced the preceding problem to
the direct solution of a system of linear equations and extended the
method to solve problems involving cracks emanating from internal
boundaries in multiply stiffened sheets. Yashi and Shahid!! obtained
the analytical solution for a stiffened plate containing a through-
crack under uniform bending load by using Reissner’s plate theory
and the Fourier integral transform technique. The asymptotic stress
state near the crack tip terminating at the stiffener was examined,
and it was shown that the order of singularity at the crack tip ad-
jacent to the stiffener is independent of the stiffener properties and
is a function of only Poisson’s ratio of the material. They have also
shown that the existence of the stiffener has considerable effect on
SIF. Recently, Yeh and Kulak'? proposed procedures for evaluation
of SIF and energy release rate for cracked orthotropic sheets with
riveted stiffeners. An approach based on compatibility of displace-
ments among the sheet, fasteners, and stiffeners was used to obtain
closed-form solutions for SIF. Collins et al.'* presented procedures
for the analysis of stiffened panel structures containing multiple site
damage through the complex variable method in association with
the requirement for displacement compatibility. The method is ex-
tended by replacing the usual single crack stress and displacement
functions by those for a series of arbitrary straight collinear cracks,
which are used to model exactly the main and secondary crack dam-
age in the sheet. It is shown that the problem can be reduced to a
system of linear equations for the unknown forces at the attachment
points between the sheet and the stiffener from which SIF of the
collinear cracks can be determined. The advantage of the analytical
methods is that they allow parametric studies to be performed rel-
atively easily. However, this usually requires some simplifications
to be made that involve relatively complex geometries or loading
conditions before they can be analyzed. In general, structural com-
ponents have complex shapes, and cracks tend to occur in regions of
high stress concentration, such as corners, cut-outs, edges, change in
curvature, surfaces with high gradients, doubly curved surfaces, etc.
In view of these, it is frequently necessary to use numerical meth-
ods of structural analysis for solving problems of cracked stiffened
panels that can represent geometry as accurately.

The problem of fracture analysis of cracked-stiffened panels
has been studied by using matrix method of structural analysis
and FEM.!14-16 Swift'* used the matrix force method to analyze
cracked-stiffened panels. The panels were modeled by using bar and
shear elements. Stiffener elements were represented by additional
bars lumped to the panel or connected by shear elements. The open-
ing of a straight crack was simulated by successively releasing dis-
placement constraints. Swift!” also proposed a method based on dis-
placement compatibility for fracture analysis of cracked-stiffened
panels. Emphasis was placed on the need to account for stiffener

bending stresses in residual strength calculations. A methodology
based on fastener nonlinear shear displacements was proposed,
which can account for the effect of fastener failure during the failure
process of a cracked-stiffened panel. The method can be effectively
used for determination of crack-tip SIF and stiffener stress con-
centration factors that can be used for crack growth and residual
strength studies. The method was based on superposition of vari-
ous exact mathematical solutions for the deformations and SIF in
an unstiffened cracked skin under various loads. Zaal et al.'® mod-
ified the governing equations for the displacement compatibility
method such that the stiffener deformations are described by using
the stiffness matrix.

The problem of fracture analysis of stiffened panels is strictly
three-dimensional in nature. However, it is generally reduced to
a two-dimensional problem by using appropriate plate and beam
theories. Hence, two-dimensional finite elements can be effectively
employed in conducting the fracture analysis of stiffened panels.
Vlieger® analyzed a finite panel with riveted stiffeners and a crack
by using FEM and calculated SIF from strain-energy release rate
(SERR). Ratwani and Wilhem? carried out the elastic and elasto-
plastic analysis of a biaxially loaded stiffened panel by using FEM.
The elasto-plastic analysis was accomplished assuming Prandtl—
Reuss material behavior. The influence of biaxial load ratios on
crack openings, stresses in the stringer, plastic zone size, and /J
was studied. It was observed that contrary to the behavior of un-
stiffened structure, the /J values and crack openings increase for
positive biaxial load ratios in stiffened structures. Shkarayev and
Moyer? employed special crack-tip enriched finite element to solve
problems involving edge cracks in stiffened panels. The finite el-
ement solution reported® was within 6% of the analytical results.
Shkarayev and Moyer* also proposed methodologies for evaluation
of SIFs in modes I and II for cracked-stiftened panels loaded both in
tension and shear by using FEM. The influence of stringer thickness,
rivet spacing, and stringer stresses were analyzed.

Dowrick et al.!® and Young et al.!>?* used the boundary element
method to solve problems involving continuously and discretely at-
tached stiffeners. In the work reported, the method of compatible
deformations was used to combine the boundary integral displace-
ment equations of the plate with the stiffener displacement equa-
tion. The presence of a straight crack was implicitly considered by
using Green’s function specially proposed to account for cracks.
This feature, although it avoids the need for modeling the crack
geometry, restricts the application to problems involving a straight
crack. Salgado and Aliabadi*' presented procedures based on the
dual boundary element method to the analysis of cracked-stiffened
panels with continuously and discretely attached stiffeners. Dis-
placement compatibility between the plate and the stiffeners was
imposed in the formulations. The J-integral technique was used to
compute SIF. Wen et al.” presented coupled dual boundary integral
equations based on the shear deformable plate theory for stiffened-
cracked plates. The boundary values of rotations and deflections
for shear deformable plate were determined by solving boundary
integral equations numerically. SIF for both the tensile and bending
loads were obtained by using the crack-opening displacements.

It is observed that the analytical methodologies for fracture anal-
ysis of stiffened plates generally deals with mode I loading and
accounts for the case of concentric stiffeners. There is a need to
account for eccentricity of stiffeners with respect to the midsurface
of the plates. The methodologies available to address the problem
of fracture analysis of cracked-stiffened plates subjected to general
loading conditions are not adequate. Therefore, there is scope for im-
provement of these procedures by employing appropriate stiffened-
plate finite element models in conducting the fracture analysis. In
this context the modified virtual crack closure integral (MVCCI)
technique for fracture analysis of cracked-stiffened plates subjected
to tensile, bending, and shear loads can be the most appropriate.
However, it is observed from the literature that this technique has
not been applied and investigated for stiffened panels.

In this paper the numerically integrated modified virtual crack
closure integral (NI-MVCCI) technique, a generalized and el-
ement independent MVCCI technique, for fracture analysis of
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cracked-stiffened plates subjected to tensile, bending, and shear
loads has been presented. It is observed from the studies conducted
on the fracture analysis of plates® that the performance of a nine-
noded Lagragian element with assumed shear strain field exhibit
better performance among other quadrilateral plate elements con-
sidered. In this paper this element has been appropriately com-
bined with three-noded beam element for formulating the MQL9S2
stiffened-plate finite element model. The plate and the stiffener ele-
ments are based on Reissner—-Mindlin plate theory and Timoshenko
beam theory, respectively, which accounts for shear deformations.
Parametric studies on fracture analysis of stiffened panels subjected
to tension-moment loads have been conducted employing these
elements.

Formulation of Stiffened Plate Finite Element Model

A more realistic finite element model of stiffened plates is
achieved by considering the plate and stiffeners separately and by
maintaining the compatibility between the two. Extensive studies
have been conducted by Palani et al.? to identify efficient plate and
stiffener elements, and the authors of this reference have proposed
QLI9S2 model (nine-noded biquadratic Lagrangian plate element
combined with three-noded eccentric and arbitrarily located stiff-
ener element) for static and dynamic analysis of stiffened plates.
The stiffened plate finite element model QL9S?2 is formulated®*> by
combining nine-noded plate element with three-noded isoparamet-
ric stiffener element. This model can be used to analyze plates with
arbitrarily located concentric/eccentric stiffeners, without increas-
ing the total number of degrees of freedom of the plate element. In the
following formulation, an improved version of QL9S2 finite element
model, that is, MQL9S2, has been presented in which a nine-noded
Lagrangian plate element has been replaced with a nine-noded La-
grangian plate element with assumed transverse shear strain fields.?
The formulation of MQL9S2 model has been presented briefly in
the following. The subscripts p and s in the following refer to plate
and stiffener, respectively. The displacement field for the plate ele-
ments (Fig. 1) (with five degrees of freedom at each node) can be
expressed as

Uy
Uy p

$p=Up g =Y N Iy (1)
Op i=1

QYP

=

where N; (€, n) are the shape functions for nine-noded element and
I, is a 5 x 5 identity matrix.

The displacement field for three-noded stiffener element (with
four degrees of freedom at each node) can be expressed as

Uxs

U 3
o1 =D Ne®) s )
XS i=1

Oys

where N; (§) are the shape functions for three-noded beam element
and I is a 4 x 4 identity matrix. For an arbitrarily located eccentric
stiffener (Fig. 1), the stiffener nodal degrees of freedom can be trans-
formed to the plate nodal degrees of freedom using the relationship

{5v} = [Te][Tcp]{ap} (3)

9-noded Lagrangian
plate/shell element
with assumed shear

(=1.1) (1,1)
strain fields

3-noded stiffener
element

by o Y
(-1, ql)%' g

(-1,-1) (1.-1)

Parent element

Fig. 1 Arbitrarily located stiffened plate/shell model (MQL9S2).

The details of the transformation as given in Eq. (3) are provided by
Palani et al.>*% It can be observed that degrees of freedom of the
element have not increased.

With the use of the principle of virtual work, the equilibrium
equations can be expressed as

Np Ny
Z/AaggapdAjLZ/Ias{anx
Np

Np
=z/a¢;qu+Z/a¢;p 4
A 1

Substituting &, = B,8,, 0, = D, B,8,, & = B8,, 0, = Dy B,,, and
for {8} from Eq. (3) and on simplification

Np Ns
Z/ 38 (K,15, dA+Z/88£[KS]8pdx
A 1
Np Np
- Z/BBZNTq dA+Z/88TNTP (5)
A 1

where
[K,]= / B! D,B,dA
A

is the plate element stiffness matrix,

(K] =T,T] [ / B! D, B, dx] T.T,
1

is the stiffness matrix for an arbitrarily located eccentric stiffener.
The plate element stiffness matrices are evaluated employing an
nine-noded Lagrangian element with assumed shear strain fields
with full integration, and the stiffness matrices for the stiffener el-
ements are evaluated employing three-noded beam element with
reduced integration technique.

NI-MVCCI Technique for Plates Under Combined
Tensile, Bending, and Shear Loads

Irwin?’ proposed a crack closure integral (CCI) technique for the
estimation of G. CClI for evaluation of SERR was derived by using a
fundamental concept that when crack extension has taken place the
energy required to close this part of crack in a solid is the same as the
strain-energy release during the crack extension. The rate of change
of this strain energy with crack extension is SERR. Figure 2 shows a
crack tip in an infinite isotropic media subjected to remote tensile and
bending loads causing tensile mode-I and bending mode-1 fracture.
For plates subjected to tensile and bending loads, the stresses on a
plane ahead of the crack 6 =0 are given in terms of SIF by Sih?® as

ro=0 =K k%
o, (r,0 =0) = — —
» 2mr 2t

KII k2 1+l) 22
O'X,-V,GZO = + — —
4 ) N2mr «/2r<3+v> t

2
0,.(r,0 = 0) = %[1 - (2—Z> } (6)
202r)1 (3 +v) t

The in-plane stress components oy, and o, have a constant term
resulting from the in-plane loads and a linearly varying term result-
ing from the bending loads. The out-of-plane stress component o,
is caused by the bending loads and varies parabolically through the
thickness of the plate.

For a linearly elastic plate of thickness 7, SERR for self-similar
extension of a through crack lying in the x—y plane can be expressed
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Oy (r=x,6=0)

o,y distribution (=a,,™ + 0,°)

Uy (r=Aa-x, 6 =m)

- a Aa
.
———— AAX—
L7 A
it

Fig. 2 Schematic of virtual crack extension under bending loads.
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' 1 Aa
= Alun_r}(J ™ /(; /t/z[(rxy(x, 6 =0U,(Aa—x,0 =m)

+0,(x,0 =0U,(Aa —x,0 =m)

as

G

+0,,(x,0 =0)U,(Aa — x,0 =m)]dzdx @)

where o, (r =x,0=0), o,,(r=x,0=0), and o,.(r=x, 6 =0)
are distributions of stresses ahead of the crack tip. U, (r = Aa —x,
0 =m)and U, (r = Aa — x, 6 = ) are the relative sliding and open-
ing displacements between the crack faces. U, (r = Aa —x,0 =)
is the out-of-plane displacement between the crack faces.

The displacement and stress components can be expressed in
terms contribution caused by tensile and bending loads as

b b
Oy =0, + 0., U, =U"-0/z
. m b U, = Um eb
Oyy =0y, +0,,, y=Uy =62
o.=oy, U.=U! ®)

The subscripts m and b represent the corresponding displacement
and stress components that are caused by tensile and bending loads,
respectively. It can be noted that membrane portion is constant
through the thickness, whereas the bending portion has linear vari-
ation (linear in z) through the thickness. Substituting for the dis-
placement and stress fields given by Eq. (8) in Eq. (7), SERR can
be expressed as

1 Aa
li m 0 =0U"(Aa—x,0 =
Aalrilo 2tAa /; /I/Q [ny(x, W (Aa — x, )

+oy";(x,9 = O)U;,”(Aa —x,0=m)

G =

+ol,(x.0 =0)z[-00(Aa —x,0 =7)]

xy

+ob,(x, 0 =0)z[—00(Aa —x,0 = )]

+ol.(x,0 =0)U'(Aa —x,0 = )] dzdx )

The terms of the integrand in Eq. (9) that are linear in z integrate
to zero through the thickness. This results in uncoupled membrane
and bending portions in evaluation of SERR. After carrying out the

integrals with respect to z and by substituting for bending stress
components in terms of moment and shear stress resultants,

ol =12M,,z /1, ol =12M,,z /1

oy, =(Q:/20[1 - (2z/1)’] (10)
SERR can be expressed as
Aa
G= lim —— (onUr +on Uy
Aa—02Aa 0 e
— M,\0, — My,0, + Q.U.) dx (11)

The components of SERR can be expressed as

1
= lim —— [ o"urdx
=028 J, 0
Gu=tim —— [ onuma (12a)
= lim a
" a02Aa J,, 0

= M,
G AHozA/ b dx

. 1
G, = lim —

ra202Aa J,, Q:U: dx
G; = lim 1 MXVG dx (12b)
Aa—02Aa
and therefore, total SERR,
G =G+G6Gu+ G+ G+ G (12¢)
The five components of SERR can be related to the four SIF?
as
G = ﬁ; Gu= K—IZI (13a)
E E

o, ki (L4
3E\3+4+v

ka1 +v)?  Kr2(1+v) kKo (14
3E(3 +v)? 3E34+v)2 ~ 3E\3+v

G, + G =

(13b)

The objective of this paper is to employ NI-MVCCI technique in-
volving numerical integration for computation of the constants and
to perform the crack closure integrals for G; and Gy; and G, to G3
as given by Eq. (12). NI-MVCCI is a generalized technique, and
the expressions for computing SERR are independent of the type
of finite element employed. The procedure for evaluating SERR for
tensile mode I (G) and bending mode 1 (G,) fracture is explained
in the following. The same procedure can be used for evaluating
other components of SERR as given by Eq. (12).

Consider a typical finite element mesh at the crack tip as shown
in Fig. 3. For tensile mode-I and bending mode-1 fracture, G| and

i
B j-n+@ @_

G-n+1y i é"_? %
@ @ ,W
le—22—ple—0ap|

Fig. 3 Typical finite element mesh of crack-tip region with a stiffener.

n = number of nodes on edge OA/OB
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G, can be evaluated by multiplying the stress/moment distribution
along OA (ahead of crack tip) with the corresponding displacement/
rotation distribution along OB (behind crack tip) and integrating this
product over Aa. For evaluation of G| and G, stress/moment dis-
tribution on the crack extension line OA is expressed in terms of the
nodal forces F, ;, F, j+1, etc.or My j, M, ;, acting at the nodes
J»J + 1, etc., respectively. The crack-opening displacement/rotation
distribution along OB is expressed in terms of the nodal values at
Jj»Jj—1,(j—1), etc. Gy and G, are derived by evaluating the en-
ergy required to close the crack over a length Aa in terms of these
nodal forces/moments and displacements/rotations. The shape func-
tions in elements 1 and 2 along OB can be obtained by substituting
n = —1, in the respective element shape functions N;.

The displacement/rotation distribution along OB can be expressed
in terms of nodal displacements {(U,);} and rotations {(6y);} as

Uy = [Nl]{(U})I}v
0, = [N:]{(6,):}.

i=1,2,....n (14a)
i=1,2,...,n (14b)

where n is the number of nodes on the edge OB of the element.
Consistent with the isoparametric formulation, coordinate of any
point X (x, y) is given by
X =[N (X} i=12,....n 15)

where {(X);} are nodal coordinates. The transformation between
the global and natural coordinate system for the respective element
can be obtained by using Eq. (15).

Consistent with the element shape functions, the displace-
ment/rotation variation along OB can be expressed as function of &’
as

UyE) =ao+a§ +-- +ae_n§" " (16a)

0,(6) =ao+af +---+au-ng"Y (16b)

where f(§') is a polynomial of order (n—1). The constants
ap, ai,...,au—1) can be evaluated by matching the displace-
ment/rotation conditions at the nodes j, (j —1),...,(j—n+1)
in element 1. A set of simultaneous equations of order n is formed,
which can be solved for obtaining the constants ao, ai, ..., au -1
related to U, and 0.

Considering element 2, the stress o, and moment M, distribution
along OA can be expressed as a function of £ as

(7)')'(“;:)=b0+b1‘§+"'+b(n71)";:(nil) (173.)

M,y () = by +biE+ - +bu_pE" " (17b)
where f(£) is a polynomial of order (n — 1). The constants by,
by, ..., by _1) can be computed by matching the nodal forces with
the derived consistent load vector from finite element analysis.
The nodal forces Fy j, Fy (j+1), - - - » Fy,(j+n—1) and moments M, ;,
My i+1ys - My (j+n—1) shown in Fig. 3 are the forces and mo-
ments exerted at node j, (j+1),..., (j+n—1) by the structure
below OA on the structure above OA. In finite element analysis,
these forces and moments are obtained by summing up the forces
and moments atnodes j,(j + 1), ..., (j +n — 1) from the elements
on the side above OA. These forces and moments should be con-
sistent with the stress distribution given in Eq. (17), which can be
expressed as

p,:/[zv,-]fa,,,.(g)dx, i=1,2,...,n  (18a)
Aa

M,.:/ [N My, (€)dx,  i=1,2,....,n (18b)
Aa

where N; are the shape functions of the respective element obtained
by substituting n = —1. By using the transformation between the
global and natural coordinate system as given in Eq. (15), dx can

be expressed in terms of d§. The integrals given in Eq. (18) can be
performed by numerical integration technique. In the present study,
the Gauss integration technique has been employed with different
orders of integration.

By substituting the expressions for displacement and stress vari-
ation given by Egs. (16) and (17), respectively, in CCI Eq. (12), G,
can be expressed as

1

o= AaLﬁoK "w(‘?)Uy(E’) dx (19a)
1 /

G = AaL_t,oE . M, (5)0,(&") dx (19b)

On the similar lines the other components of SERR can be expressed
as

1
Gp= Lt —

ad02Aa Ux,v(g)Ux(S') dx (19¢)

@2=oana / Q: ()W () dx (19d)
1 ’

Gs = AaL—t»OE " M, (5)6,(§") dx (19¢)

The integrals given in Eqgs. (19) can be performed by numerical
integration technique. In the present study, the Gauss numerical
integration technique has been employed with the same integration
order that is used for evaluating Eq. (18).

NI-MVCCI Technique to Account for
Concentric/Eccentric Stiffeners

The same procedure as just given for unstiffened plates is followed
for stiffened plates subjected to tensile, bending components and
shear loads. However, the following points can be noted with respect
to computation of SERR for stiffened plates by using the NI-MVCCI
technique:

1) Consider a typical finite element mesh at the crack tip as shown
in Fig. 3 indicating the stiffener by dotted line. The stiffener can be
concentric or eccentric lying within the plate element in arbitrary
position. The stiffness matrix of the respective elements having such
stiffeners have to be evaluated by employing MQLO9S?2 finite element
model.

2) For tensile mode I and bending mode 1 fracture, G; and
G, can be evaluated by multiplying the stress/moment distribution
along OA (ahead of crack tip) with the corresponding displace-
ment/rotation distribution along OB (behind crack tip) and integrat-
ing this product over Aa. It can be noted that tensile mode I and
bending mode 1 fracture are coupled for plates with eccentric stift-
eners (G and G1), in view of the transformation matrices [Eq. (3)]
related to the MQLIS2 finite element model.

3) The stress/moment distribution on the crack extension line OA
(expressed in terms of the nodal forces Fy, ;, Fyp j 41, etc., or My, ;,
My, ;41 acting at the nodes j, j+ 1, etc.) and the crack-opening
displacement/rotation distribution along OB [expressed in terms of
the nodal values at j, j — 1, (j — 1), etc.] should be evaluated after
duly accounting for the stiffener elements in the respective plate
finite elements. Let these be represented as oyyp, Oxyp, Myyp, Myyp,
and Q,, and Uy, Uyy, Uy, 6y, and 6. The subscript p indicates
that stress/moment and displacement components are for that of a
stiffened-plate panel evaluated at the plate midsurface level.

4) By substituting the expressions for displacement and
stress/moment distributions for a stiffened-plate panel obtained as
just described and by using Eq. (19), the components of SERR can
be expressed as

1 ’
Gr= AHLLOE /M Oyyp(E)Uyp(§7) dx (20a)
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Fig. 4 Finite element idealization of the stiffened plate (quarter symmetry).

PRAAAARREY

Gi= Lt — y My, (6)0,p (') dx (20b)
Gn= Afioﬁ /;a Oxyp(§)Uxp(§') dx (20c)
G, = Af_{gﬁ /Aa 0w, dx (20d)
Gs= Lt — N xp (§)0xp(€") dx (20e)

5) The integrals given in Eq. (20) can be performed by numer-
ical integration technique. The integrals associated with the eval-
uation of the constants related to the stress/moment distribution
[bo, b1, ..., bu—1)] and the preceding integrals are carried out by
using Gauss numerical integration technique with an order of three
applicable for nine-noded element with assumed transverse shear
strain fields.?

Numerical Studies

To validate the NI-MVCCI technique just presented, fracture
analysis of cracked-stiffened plates subjected to tensile, bending,
and shear loads has been conducted by employing the MQL9S?2 fi-
nite element model. In the example problems illustrated here, mate-
rial for the stiffener is assumed to be the same as that of the plate, and
further it is assumed that the stiffener is continuously attached with
the plate. Static analysis of the plates has been conducted by using
FEM. The graded finite element idealization of the stiffened plate as
shown in Fig. 4 has been chosen for conducting further studies after
duly accounting for the stiffener. The finite element idealization is
only for the plate, and the presence of stiffener does not increase the
total number of degrees of freedom. Fracture analysis has been con-
ducted by employing NI-MVCCI technique for computing SERR
and SIF. Gauss numerical integration technique with the three-point
rule has been employed for evaluating the integrals associated with
NI-MVCCI technique. Plane-strain conditions have been assumed
at the crack tip for the example problems to compute SIF by using
SERR values.

Example 1: Rectangular Stiffened Plate with
Center Crack Under Uniaxial Tension

A free-free rectangular stiffened plate with center crack subjected
to uniaxial tensile loading (mode I) as shown in Fig. 5 has been ana-
lyzed to compute SERR and SIF at the crack tip. One-quarter of the
plate with symmetric boundary conditions has been idealized using
MQLO9S2 finite element model as shown in Fig. 4. The plate with
different crack lengths having a/ W = 0.2 and 0.3 and with different
stiffener cross sections varying from S, =0.0to 1.0 (S, = A, /A,
where A, = 1,2W) have been considered in the studies. The stiffen-
ers have been considered to be concentric and eccentric with respect

E=10000 MPa
v=0.0

t, =10 mm

H =250 mm
2a W =100 mm
2H a=20mm

Stiffener (represented by dotted line)

ts

v****#**#v d

} |
2w !

Fig. 5 Rectangular stiffened plate with center crack.

28.00 —
—>€— Present (Concentric)
—J— Present (Eccentric)
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24.00 —
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20.00 —

16.00 — a
WO 0.2
7 A, = cross-section area of stiffener
A, = cross-section area of plate
e e e L
0.00 0.20 0.40 0.60 0.80 1.00

S. =AJA,

Fig. 6 Variation of Ky with respect to S, for a/W =0.2.

to the midsurface of the plate. The variation of K; with respect to
S, for the cases of a/W =0.2 and 0.3 is shown in Figs. 6 and 7,
respectively. The results of the present studies have been compared
with the available analytical solutions®® for the case of concentric
stiffeners. For the case of eccentric stiffeners, as the tensile loads
are applied at the plate midsurface, additional moments are also cre-
ated because of the eccentricity of loads and the variation of k; with
respect to S, for the case of a/W =0.2 and 0.3 shown in Fig. 8.
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Fig. 7 Variation of Ky with respect to S, for a/W =0.3.
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Fig. 8 Variation of k; with respect to S,,.

The variation of K; with respect to a/W for different S, for the
case of concentric and eccentric stiffeners is shown in Figs. 9 and
10, respectively, while the variation of k; with respect to a/ W for
different S, for the case of eccentric stiffeners is shown in Fig. 11.

Example 2: Rectangular Stiffened Plate with Center
Crack Under Tensile-Moment and Tensile-Shear Loads

A free-free rectangular stiffened plate with center crack as shown
in Fig. 5 but subjected to uniaxial tensile-moment (modes I and
1) and tensile-shear loads (modes I and 2) has been analyzed to
compute SERR and SIF at the crack tip. The geometry and material
attribute information for the plate and the stiffener are the same as
given in Fig. 5. The same finite element idealization of the plate
considering quarter symmetry as shown in Fig. 4 has been used.
The plate with different crack lengths having a/ W = 0.1 to 0.5 and
with different stiffener cross sections varying from S; =0.0 to 1.0
(8; = 1,/1,) has been considered in the studies. The stiffeners have
been considered to be concentric and eccentric with respect to the
midsurface of the plate. The variation of K and k; with respect to

50.00 —

40.00

30.00
Ki
20.00
10.00
Concentric stiffener
0.00 : I . I : I : |
0.10 020 _ny 030 0.40 0.50
Fig. 9 Variation of K with respect to a/W for different S,.
50.00 —

Eccentric stiffener

10.00 T T T | T T T |

0.10 0.20 0.30 0.40 0.50
a/lW

Fig. 10 Variation of Ky with respect to a/W for different S,.

6.00 —
—¥— sa=0.1
— —&— Sa=02
—O— sa=0.35
5.00 — —A— Sa=05
—4— Sa=075
- —@— sa=10

4.00 —

K Eccentric stiffener
1

3.00

1.00

0.10 0.20 0.30 0.40 0.50
a/lW

Fig. 11 Variation of k; with respect to a/W for different S,,.
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Fig. 12 Variation of Kj with respect to a/W for different S; (tensile-
moment loads).
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Fig. 13 Variation of K; with respect to a/W for different S; (tensile-
moment loads).

a/ W for different S; is shown in Figs. 12—15 for the stiffened-plate
panel with concentric and eccentric stiffeners subjected to tensile-
moment loads. The variation of K| and k, with respect to a/ W for
different S; is shown in Figs. 1619 for the stiffened-plate panel
with concentric and eccentric stiffeners subjected to tensile-shear
loads.

Parametric Studies

To demonstrate the application of NI-MVCCI technique just pre-
sented, fracture analysis of a free-free rectangular cracked steel
stiffened-plate panel subjected to tensile and moment loads as shown
in Fig. 20 has been conducted by employing MQLO9S2 finite element
model. It is decided to consider the plate thickness, the size of the
stiffener, and position of the stiffener from the crack tip as the impor-
tant parameters in conducting the parametric studies. For the plate
thickness and the size of stiffeners, standard steel sections available
in Indian Standards (IS) steel design tables have been choosen. The
stiffeners are considered to be concentric and eccentric with respect
to the midsurface of the plate. Fracture analysis has been conducted

120.00

100.00

80.00
ki
60.00
£X

%
40.00 -

Vi o

Concentric stiffener

20.00

| ' [ T I ' [ ' |

0.10 0.20 0.30 0.40 0.50

a/W

Fig. 14 Variation of k; with respect to a/W for different S; (tensile-
moment loads).

120.00 —
80.00 —
k1 -
40.00 —
b
Eccentric stiffener
0.00 T | T | T | T |
0.10 0.20 0.30 0.40 0.50

a/lW

Fig. 15 Variation of k; with respect to a/W for different S; (tensile-
moment loads).

by using FEM by employing the NI-MVCCI technique for com-
puting SERR and SIF. Gauss numerical integration technique with
three-point rule has been employed for evaluating the integrals asso-
ciated with the NI-MVCCI technique. Plane-strain conditions have
been assumed at the crack tip to compute SIF by using SERR values
obtained by using the NI-MVCCI technique. SIF values have been
normalized in oder to get the nondimensional parameters f; and
B (geometric/shape factors), corresponding to tensile mode I and
bending mode 1. The variation of these nondimensional parameters
has been plotted with respect to the other nondimensional param-
eters o, or «; for the different position of the stiffeners. The plot
of these variations for the tensile mode I for the case of concentric
and eccentric stiffeners has been given in Figs. 21 and 22, respec-
tively. The plot of these variations for the bending mode 1 for the
case of concentric and eccentric stiffeners has been given in Figs. 23
and 24, respectively. Polynomial curve fitting has been carried out
using MATLAB® software to get a best fit for each of the curves
as shown in these plots (Figs. 21-24) corresponding to each of the
stiffener positions. The best-fit equations for each of these curves
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Fig. 16 Variation of Kj with respect to a/W for different S; (tensile-
shear loads).
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Fig. 17 Variation of Kj with respect to a/W for different S; (tensile-
shear loads).

obtained by using MATLAB software have been given in the Ap-
pendix. The error norm obtained for each of these best-fit equations
is also indicated.

Discussion of Results

It is observed from Figs. 6 and 7 that SIF values for tensile mode I
K obtained in the present study for the case of concentric stiffeners
are in good agreement with those of the finite-plate solution.*® It can
be observed that for the cases with larger crack lengths (highera/ W
ratio) and large size stiffeners (S, > 0.9) SIF values obtained in the
present study are overestimated by about 20% compared with the
analytical solution. This might be because of the limitation of the
MQLO9S2 finite element model in terms of representing the stiffness
of the very large size stiffeners having an area of about 90% of
area of the plate, as the stiffeners are not explicitly modeled in the
present formulation. For the stiffened plates with eccentric stiffeners
subjected to tensile loads, it can be observed from Figs. 6 and 7
that K values are significantly higher (maximum increase of about
30% for S, = 1.0) compared to the case with concentric stiffeners.
This is because of the additional moments generated as a result

300.00 —

200.00

ka
100.00
Concentric stiffener
000 ' | ' | ' | ' |
0.10 0.20 0.30 0.40 0.50
a/lW

Fig. 18 Variation of k, with respect to a/W for different S; (tensile-
shear loads).

300.00 —

200.00

k

100.00

Eccentric stiffener
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[ T [ T [ i [ T |
0.10 0.20 0.30 0.40 0.50
a/lW

Fig. 19 Variation of k, with respect to a/W for different S; (tensile-
shear loads).

of the eccentricity of the tensile loads, which can be observed in
Fig. 8 showing SIF values for bending mode 1 k; for the eccentric
stiffeners. It can be observed from Figs. 68 that SIF values for the
stiffened plates are consistently lower compared to that of those the
unstiffened panel (S, =0.0).

For the cases with tensile-bending and tensile-shear loads, it can
be observed from Figs. 12, 13, 16, and 17 that K| values for the case
with eccentric stiffeners are significantly higher (maximum increase
of about 42% for S; = 1.0 for tensile-bending loads and about 212%
for S; = 1.0 for tensile-shear loads) compared to those obtained for
the case with concentric stiffeners. As already explained, this is
because of the additional moments generated as a result of the ec-
centricity of the tensile loads. It can be observed from Figs. 9, 10,
12, 13, 16, and 17 that variation of K; with respect to a/ W for dif-
ferent S, or §; is almost linear for the case of concentric as well as
eccentric stiffeners. It can be observed from these figures that the
values of K; decrease with the decreasing a/ W values, but for a
given a/ W value K; decreases with increasing S, or S; values. It
can be further observed from Figs. 12, 13, 16, and 17 that K| values
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for the stiffened plates with concentric stiffeners are consistently
lower compared to that of the unstiffened planel (S; =0.0). How-
ever, for the stiffened plates with eccentric stiffeners subjected to
tensile-bending and tensile-shear loads, K| values are consistently
higher compared to that of the unstiffened planel (S; =0.0). It can
be observed from Figs. 14, 15, 18, and 19 that SIF values for bend-
ing modes 1 and 2 (k; and k,) are consistently lower compared to
that of the unstiffened panel for the cases of concentric as well as
eccentric stiffeners. SIF values (k; and k,) for the case with eccen-
tric stiffeners are also lower compared with those obtained for the
case with concentric stiffeners. It can be observed from Figs. 12-19
that SIF values for all of the modes (K7, ki, and k,) are consistently
increased for increasing a/ W for the case with concentric as well as
eccentric stiffeners. It can be observed from Figs. 11, 14, and 15 that
variation of k; with respect to a/ W for different S, or S; is almost
linear for the case of concentric as well as eccentric stiffeners. It can
be observed from these figures that the values of k| decrease with
the decreasing a/ W values, but for a given a/ W value k; decreases
with increasing S, or S; values. It can be observed from Figs. 18
and 19 that variation of k, with respect to a/W for different S;
is almost quadratic for the case of concentric as well as eccentric
stiffeners. It can be observed from these figures that the values of
ky decrease with the decreasing a/ W values, but for a given a/ W
value k, decreases with increasing S; values.

Itcan be observed from Figs. 21-24 and Eqs. (A1-A4) given in the
Appendix that the variation of the nondimensional parameters (S
and B,) with respect to o, and ¢; follow a particular pattern for the
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respective cases, and a best fit of polynomials for each of these cases
could be obtained through regression analysis. These equations can
be used for computation of SIF values for the corresponding to the
position of the stiffener for a given plate and stiffener size without
conducting a rigorous finite element analysis. Further parametric
studies on typical stiffened plates for different loading cases can be
conducted to arrive at similar equations, which will be useful for
design against fracture, fatigue crack growth calculations, and for
prediction of remaining life of structural components.

Conclusions

NI-MVCCI technique for fracture analysis of cracked-stiffened
plates subjected to tensile, moment, and shear loads has been pre-
sented. MQLI9S2 finite element model obtained by combining nine-
noded Lagragian element with assumed shear strain fields with
three-noded beam element has been employed. The necessary mod-
ification in NI-MVCCI technique to account for concentric and ec-
centric stiffeners has been discussed. The plate and the stiffener
elements are based on Reissner—Mindlin plate theory and Timo-
shenko beam theory, respectively, which accounts for shear defor-
mations. Based on the numerical studies conducted on cracked-
stiffened plates, the following conclusions are drawn:

1) SIF values for tensile mode I K| obtained in the present study
for the case of concentric stiffeners are in good agreement with
those of the analytical solution available in the literature except for
the cases with larger crack lengths (higher a/ W ratio) and large-
size stiffeners (S, > 0.9). SIF values in such cases obtained in the
present study are found to be higher by about 20% compared with
the analytical solution. This might be caused by the limitation of the
MQLO9S2 finite element model in terms of representing the stiffness
of the very large size stiffeners having area of about 90% of area of
the plate.

2) For the stiffened plates with eccentric stiffeners subjected to
pure tensile loads, tensile-bending loads and tensile-shear loads, K
values are generally higher compared to the case with concentric
stiffeners. This is because of the additional moments generated as a
result of the eccentricity of the tensile loads.

3) K values for the stiffened plates with concentric stiffeners
subjected to pure tensile loads, tensile-bending loads, and tensile-
shear loads are consistently lower compared to that of unstiffened
panel. However, for the stiffened plates with eccentric stiffeners
subjected to tensile-bending loads and tensile-shear loads K values
are consistently higher compared to that of unstiffened planel.

4) SIF values for bending modes 1 and 2, k; and k,, are consis-
tently lower compared to that of the unstiffened panel for the cases
of concentric as well as eccentric stiffeners. These values k; and
k, for the case with eccentric stiffeners are also lower compared to
those obtained for the case with concentric stiffeners.

5) The variation of K; and k; with respect to a/ W for different S,
or S; is almost linear for the case of concentric as well as eccentric
stiffeners, while k, has quadratic variation with respect to a/ W for
different S;.

6) The variation of the nondimensional parameters 8; and 8; with
respect to «, and «; follow a particular pattern for the respective
cases, and a best-fit polynomials for each of these cases could be
obtained through regression analysis. These equations can be used
for computation of SIF values for the corresponding to the position
of the stiffener for a given plate and stiffener size without conducting
a rigorous finite element analysis. Further parametric studies on
typical stiffened panels for different loading cases can be conducted
to arrive at similar equations, which will be useful for design against
fracture, fatigue crack growth calculations, and for prediction of
remaining life of structural components.

Appendix: Best-Fit Equations

Tensile Mode I (Concentric Stiffeners)
For xs =2,

Bi = —73.501c + 118.377c} — 73.068c] + 22.4360]

—4.125a, + 0.581 (error norm = 0.012267) (Ala)

For xs =25

B = —1.586a + 2.510a2 — 1.827a, + 0.631

(error norm = 0.0062756) (Alb)
For xs =50

Bi = —0.8629a] + 1.6822a> — 1.5563a, + 0.6332

(error norm = 0.0062067) (Alc)
For xs =100

Bi = —0.4843a] + 0.99820 — 1.0924a, + 0.6348

(error norm = 0.0025083) (Ald)
For xs =150

Br = —0.3307a + 0.6351a2 — 0.6521ax, + 0.6349

(error norm = 0.00061437) (Ale)
For xs =200

Bi = —0.1283a] + 0.2714a? — 0.3234a, + 0.6352

(error norm = 0.00068718) (Alf)

Tensile Mode I (Eccentric Stiffeners)
For xs =25

Bi = 89.65¢] — 303.80 + 412.8a] — 287.67c; + 109.04c;;
—21.95a7 + 2.03e; + 0.633
(error norm = 0.0048275) (A2a)
For xs =50
B1 = 82.65¢] —280.4a’ + 382.12a) — 267.48a} + 101.93¢}
—20.61a? 4+ 1.920; + 0.621
(error norm = 0.0049322) (A2b)
For xs =100
Bi = 61.750] — 208.87a¢ + 284c; — 198.5¢; + 75.58c]
—15.29077 + 1.43¢; + 0.63
(error norm = 0.0037079) (A2c)
For xs =150
Bi = 36.899a] — 125.68cf + 171.99c] — 120.87c} + 46.22¢7}
—9.37a} + 0.88¢; + 0.63
(error norm = 0.0022657) (A2d)
For xs =200

Bi = 19.02¢] — 64.69a + 88.471c) — 62.17a} + 23.78cr}
—4.830? + 0.454a; + 0.634

(error norm = 0.001259) (A2e)
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Bending Mode 1 (Concentric Stiffeners)
For xs =2

Bi = 1.4699¢ — 3.1712¢; + 2.54860; — 1.0647a; + 0.25587
(error norm = 0.014637)  (A3a)
For xs =25
B1 = —0.4335¢; +0.906407 — 0.8143c; + 0.3178
(error norm = 0.0068554)  (A3b)
For xs =50
B1 = —0.35660; + 0.7739%? — 0.7672c; + 0.3231
(error norm = 0.0041744)  (A3c)
For xs =100
B = —0.3a} + 0.6667a? — 0.7285; + 0.3247
(error norm = 0.0058578)  (A3d)
For xs =150
B = —0.2297¢ + 0.566607 — 0.6819¢; + 0.3245
(error norm = 0.0025905) (A3e)
For xs =200
B1 = —0.123307 + 0.41300 — 0.5895¢; + 0.3230

(error norm = 0.0040198)  (A3f)
Bending Mode 1 (Eccentric Stiffeners)
For xs =5
Bi = —24.9994a] 4 73.06} — 80.99¢} + 42.515a/?
—11.3838a; + 1.806
For xs =25
Bi = —19.2985a] + 62.7769a! — 76.1820; + 43.10907

(error norm = 0.051122)  (A4a)

—12.263¢; + 1.9974
For xs =50
B1 = —8.3121¢; + 39.3335a; — 59.1464a; + 38.389907

(error norm = 0.052388)  (A4b)

—11.977a; 4+ 2.0276
For xs =100

(error norm = 0.056777)  (A4c)

B1 = 22.3863c} — 47.701c?35.69740 — 12.0033¢; + 2.0484
(error norm = 0.061689)  (A4d)

For xs =150
Bi = —11.1204e;) +45.1797a; — 63.1028¢ + 39.3730?

— 12.1543a; + 2.0856
For xs =200
Bi = —29.5998c + 83.1355a; — 88.594a; + 45.023907

(error norm = 0.049805) (Ade)

—11.9976«; + 2.1393 (error norm = 0.038593) (A4f)
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